Finite element formulation of one-dimensional uncoupled and couple consolidation by Wan Hassan, Wan Nur Firdaus
  
 
FINITE ELEMENT FORMULATION OF ONE-DIMENSIONAL UNCOUPLED 
AND COUPLED CONSOLIDATION 
 
 
 
 
 
WAN NUR FIRDAUS BINTI WAN HASSAN 
 
 
 
 
 
A thesis submitted in fulfilment of the 
requirements for the award of the degree of 
Master of Engineering (Geotechnics) 
 
 
 
 
 
Faculty of Civil Engineering 
Universiti Teknologi Malaysia 
 
 
 
 
 
JUNE 2013 
v 
 
 
 
 
 
ABSTRACT 
 
 
 
 
 This thesis presents the formulation of finite element method for one-
dimensional consolidation problem based on uncoupled and coupled consolidation 
theories. The consolidation of cohesive soils as a result of dissipation of the excess 
pore pressures generated by external loading is a problem of considerable concern 
amongst geotechnical engineers. Theories of consolidation fall into two main 
categories which are uncoupled and coupled theories. The uncoupled theory only 
considers the interaction of the pore fluid with the porous media ensuring the 
continuity equation of the pore fluid whereas the coupled theory is formulated on the 
basis of solid-fluid interaction which is more realistic but is more difficult to solve. 
In this study, both theories are solved using finite element method using the 
formulation of Galerkin weighted residual method and variational approach. The 
derived formulation is used to develop a computer program for uncoupled and 
coupled analysis. This was written using the MATLAB® programming code. The 
proposed finite element code was firstly verified and results were comparable with 
Terzaghi consolidation theory in both cases. For the case one-dimensional problem 
of homogenous soil, the numerical results showed very good agreement between the 
uncoupled and coupled consolidation analyses with difference less than 5%. The 
criteria for selecting preferable method were based on several factors such as 
accuracy and stability. From the result, the relative discrepancy for the uncoupled 
theory is not much significant compared to the coupled theory by giving less than 
10% value of difference. Consequently, the uncoupled 1-D consolidation theory was 
adopted for the subsequent analysis for a layer and multi-layered soil. A case study 
of multi-layered consolidation problem was compared and the results demonstrated 
that the layered characteristics of soils have significant influences on the overall 
consolidation settlement performance. 
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ABSTRAK 
 
 
 
 Tesis ini membentangkan formulasi kaedah unsur terhingga untuk masalah 
satu dimensi pengukuhan berdasarkan teori pengukuhan (consolidation) uncoupled 
dan coupled. Pengukuhan tanah yang jelekit sebagai hasil penyusupan keluar tekanan 
air lebihan yang dihasilkan oleh beban luaran adalah masalah yang menjadi 
kebimbangan di kalangan jurutera geoteknikal. Teori pengukuhan terbahagi kepada 
dua kategori utama iaitu teori uncoupled and coupled. Teori uncoupled hanya 
menganggap interaksi bendalir liang dengan media berliang memastikan persamaan 
keselanjaran bendalir liang manakala teori coupled dirumuskan berdasarkan interaksi 
pepejal- cecair yang lebih realistik tetapi sukar untuk diselesaikan. Dalam kajian ini, 
kedua-dua teori diselesaikan dengan menggunakan kaedah unsur terhingga 
menggunakan perumusan kaedah Galerkin weighted residual dan pendekatan 
variational. Formulasi yang diterbitkan digunakan untuk membangunkan satu 
program komputer untuk analisis bagi teori uncoupled dan coupled. Ini telah ditulis 
menggunakan kod pengaturcaraan MATLAB ®. Kod menggunakan kaedah unsur 
terhingga yang dicadangkan pertamanya telah disahkan dan keputusan analisis bagi 
kedua-dua teori dibandingkan dengan teori pengukuhan Terzaghi. Bagi masalah kes 
satu dimensi tanah sejenis, keputusan kiraan berangka menunjukkan satu 
perbandingan yang baik di antara analisis pengukuhan uncoupled dan coupled 
dengan perbezaan kurang daripada 5%. Kriteria untuk memilih kaedah yang lebih 
baik berdasarkan beberapa faktor seperti ketepatan dan kestabilan. Daripada 
keputusan ini, perbezaan relatif bagi teori terlerai tidak begitu ketara berbanding 
dengan teori ditambah dengan dengan memberikan nilai perbezaan kurang daripada 
10%. Oleh itu, teori penyatuan terlerai 1-dimensi telah diguna pakai untuk analisis 
berikutnya iaitu analisis untuk tanah selapis dan tanah berlapis-lapis. Satu kes kajian 
untuk masalah pengukuhan tanah berlapis-lapis telah dibandingkan dan keputusan 
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menunjukkan bahawa ciri-ciri tanah jenis berlapis mempunyai pengaruh yang besar 
ke atas prestasi penyelesaian pengukuhan keseluruhan. 
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CHAPTER 1 
 
 
 
 
INTRODUCTION 
 
 
 
 
1.1 Research Background 
 
 
Consolidation can be defined as a process by which soils decrease in volume 
and it occurs when stress is applied to a soil that causes the soil particle to pack 
together more tightly, therefore reducing volume. When this occurs in a soil that is 
saturated with water, water will be squeezed out of the soil (Menéndez et al, 2008). 
This process is one of the primary reasons of ground settlement. Consolidation 
settlement will result, for example, if a structure is built over a layer of saturated clay 
or if the water table is lowered permanently in a stratum overlying a clay layer 
(Lambe and Whitman, 2000). If a problem arising from the settlement is not kept to a 
tolerable limit, the desired use of the structure may be impaired and the design life of 
the structure may be reduced (Desai and Christian, 1977).  
 
 
The process of consolidation under one-dimensional was first investigated by 
Terzaghi (1923). Then, in 1963, Rendulic developed a pseudo three dimensional 
theory of consolidation which is like Terzaghi’s theory. However, due to some 
fundamental assumptions that were made about the behaviour of the stresses, this 
model failed to coupled the magnitude and rate of deformations properly for two and 
three dimensions. To overcome the drawback of Rendulic’s formulation and provides 
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compatibility between the deformations and pore water pressures, Biot in 1941 was 
developed a theory which can reasonably describe the complicated relationship 
between the stress in an elastic body and the water flow in pores. 
 
 
The theories of consolidation fall into two categories which are uncoupled 
theory and coupled theory. In the uncoupled theory, it is assumed that the total stress 
remains constant throughout the consolidation process and the strain are caused only 
by the change of pore water pressure (Osman, 2010). In addition, in this system there 
is only one degree of freedom in the governing equation which is the pore water 
pressure. For any complete consolidation analysis requires not only establishing the 
relation between the pore water pressure and the consolidation time, but also the 
variation of deformations with time. Meaning that, procedure to determine the 
transient component of deformations is from the pore water pressure. 
 
 
For the coupled theory which was first mathematically described by Biot 
(1941), the elastic equilibrium equations must be solved simultaneously with a 
continuity equation under appropriate boundary and initial condition. In Biot’s 
theory, soil is considered to be a porous skeleton filled with water. The porous 
skeleton is assumed to be an isotropic elastic medium governed by the constitutive 
relationship and the total normal stress components are equal to the sum of the 
respective effective normal stress components and the pore water pressure. These 
equilibrium equations are coupled to a flow continuity equation based on Darcy’s 
law. By solving all equations simultaneously both deformation and pore water 
pressure changes can be obtained. 
 
 
For almost five decades, there has been an increasing interest in the use of 
finite element methods in geotechnical engineering in an effort to overcome the 
shortcomings found in difference methods. The early use of finite element 
discretization was in the field of solid mechanics, where the boundary value 
problems of interest could be cast in an appropriate variational form for direct use of 
the method. Use of finite element methods was later extended to other areas of 
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mathematical physics when it was realize that Galerkin’s method or more generally 
the method of weighted residual could be used in place of a variational statement of 
the problem (Sandhu and Wilson, 1969).  
 
 
 Based on brief discussions of the theories of consolidation and the numerical 
techniques, the finite element method will be implemented with the time integration 
procedure to solve consolidation problem. Attention is focused primarily on the 
development and verification of a computer program for analysis of one dimensional 
consolidation which cover the uncoupled and coupled consolidation theory. 
 
 
 
 
1.2  Problem Statement 
 
 
Consolidation plays an important role in many soil mechanics problems. This 
is evidenced by the lots of literature highlighted to the solution of consolidation 
problems since the work of Terzaghi in 1923. The term consolidation is used to 
describe a process whereby fluid is squeezed out of the void spaces in a soil to allow 
the soil to decrease in volume. The term also used in general way to include swelling 
as well as compression. Because soils are not infinitely permeable, time is needed for 
escape of pore fluid, thus, consolidation is a time-dependent process. 
 
 
There are two main areas where consolidation analysis is extensively applied. 
In the first area the consideration of physical loading of soil layers and second, 
considers the change of hydraulic equilibrium in a system comprising aquifers. In 
early practice, deformations were calculated in most cases using Terzaghi's one 
dimensional consolidation theory. More recently Biot's three-dimensional theory has 
been used, based on the linear stress-strain constitutive relationship and Darcy's flow 
rule. The deformation especially vertical deformation, called settlement of soil is the 
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most important requirement for the safety of structures and should not be excessive 
and must be within tolerable or permissible limits. 
 
 
Consolidation analyses are usually treated either by means of Terzaghi’s 
uncoupled theory or Biot’s consolidation theory. In this thesis, the problem of 
consolidation displacements for one dimensional layered soil was considered. The 
potential applications of the finite element solution presented in this thesis are not 
restricted to geomechanics; it has the potential to be applied to other fluid-saturated 
porous media. Applications can be found in diverse areas such as geothermal energy 
extraction, petroleum engineering, chemical engineering, agricultural engineering, 
pavement engineering, hazardous waste management and biomechanics. 
 
 
Due to the availability of high speed large storage computers, a numerical 
method known as finite element method became popular due to its versatility and is 
widely used for solution of engineering problems. Conventional finite element 
method has proved to be an extremely powerful analytical tool for the solution of 
many geotechnical engineering problems. Although analysis of one-dimensional 
consolidation problems is considered routine, the study based on the formulation of 
the finite element method for time-dependent problem is far more demanding 
because it can be applied to more complicated problems. Indeed, to solve uncoupled 
and coupled consolidation problems with any degree of confidence using finite 
element method, it is usually necessary to have a detailed understanding of the 
approximations finite element solution strategies.  
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1.3  The Objectives of the Study 
 
 
The aim of this study is to developed a finite element code program for solving 
uncoupled and coupled consolidation problem and validating its. The research shall 
undertake the following key objectives:  
 
1) To develop a computer program for consolidation problem using uncoupled 
and coupled consolidation theory. 
 
2) To validate the derived formulation with analytical solution. 
 
3) To verify the derived formulation with analytical solution. 
 
 
 
 
1.4  Research Scope 
 
 
The study is limited to the finite element formulation method for Terzaghi’s 
uncoupled and Biot’s coupled theory of one-dimensional consolidation. Under 
various assumptions, consolidation in a semi-infinite soil mass can be approximated 
as one-dimensional. This approximation provides useful engineering solutions for 
many practical situations such as vertical settlements of foundations and 
embankments. A finite element formulation based on the one-dimensional 
idealization is developed to provide acceptable solutions with simplicity and 
economy of computational and formulation efforts.  
 
 
For each theory of consolidation, the assumptions have been made and will 
be discussed while presenting the governing equations. For the extended area of 
these theories is not considered in this study. It should also be noted that the 
formulation of finite element for this problem is assumed that the soil is fully 
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saturated. If partial saturation is to be considered, extra terms must be added in the 
process of formulation. A computer program, MATLAB is developed based on finite 
element method to solve the consolidation problem which assumed the soil is linear 
elastic under appropriate boundary and initial condition. 
 
 
As brief before, this study describes the development a computer program for 
analysis of one dimensional consolidation of multi -layered soil profiles. In multi -
layered soil, the soil properties will be different from layer to layer, which create a 
complicated geotechnical problem. To further illustrate the solution of finite element 
method in the analysis of consolidation of a layered soil, a case study of multi-
layered soil is investigated in this study. 
 
 
 
 
1.5  The Significance of the Study 
 
 
Consolidation is one of the most classic and well-studied topics in soil 
mechanics. Even this study focuses on one-dimensional problem, there are several 
interesting issues to be addressed in this uncoupled and coupled consolidation 
problem. The theory of consolidation has several important roles in several areas like 
the oil industry. In addition, geomechanics is crucial in such problems as production-
induced compaction, borehole stability, and hydraulic fracturing. The study here will 
focus on the mathematical structure of theories of consolidation problems, and the 
development of computer program based on the finite element formulation. Although 
the scope of research is limited to the linear elastic problems, this study a suitable 
platform for understanding the finite element method and the concept of the 
uncoupled and coupled consolidation theories. Consequently, nonlinear problem can 
be solved without too much additional effort. In other word, by using computer-
implemented mathematical models, one can simulate and analyze complicated 
systems in science and engineering. This reduces the need for expensive and time-
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consuming experimental testing and makes it possible to compare many different 
alternatives for optimization. 
 
 
Development of MATLAB programming based on finite element formulation 
for the consolidation problem very important because the generation of excess pore 
water pressures can have important implications in both structure and soil. During 
the construction of geotechnical structures, considerable movement of structures and 
soil can occur due to pore pressure generation and dissipation. Moreover, pore 
pressure effects also can influence the development of stresses which may lead to 
hydraulic fracturing. It is useful to well understand the behaviour of consolidation 
process because it provides useful engineering solution for many practical situations 
such as the ultimate settlement for any loaded soil medium, how quickly it will occur 
or in particular how much settlement will have occurred after certain  period of time 
that causing the damage to the structure. (Duncan and Schaefer, 1988). 
 
 
  
 
REFERENCES 
 
 
 
 
Abbasi, N., Rahimi, H., Javadi, A.A., and Fakher, Ali. (2007). Finite Difference  
Approach for Consolidation with Variable Compressibility and Permeability.  
Computers and Geotechnics. 34, 41-52. 
Andrew John Abbo (1997). Finite Element Algorihms for Elastoplasticity and  
Consolidation. Doctor Philosophy, University of Newcastle, Australia. 
Abid, M.M. and I.C. Pyrah. (1988). Guidelines for Using the Finite Element Method  
to Predict One-Dimensional. Computers and Geotechnics. 5, 213-226. 
Achenbach, J.D., T. Belytschko, and K.J. Bathe. (1983). Computational Methods for  
Transient Analysis. Elsevier Science Publisher. 41-43. 
Augarde, C. and Hearney, C. (2009). The Use of Meshless Methods in Geotechnics.                     
           Proceedings of the 1
st
 International Symposium on Computational       
          Geomechanics (COMGEO 1), 29 April-1 May. Juan-Les-Pins, France, 311- 
320. 
Babuska, I. (1971). Error Bound for the Finite Element Method. Numer. Math.. 16,  
322-333. 
Bathe. K.J. (1996). Finite Element Procedures, New Jersey: Prentice-Hall. 
Bhatti, M.A. (2005). Fundamental Finite Element Analysis and Applications: with  
Mathematica and Matlab Computation. New Jersey: John Wiley & Son.  
Biot, M. A. (1941a). General Theory of Three-Dimensional Consolidation. J. Appl.  
 
Phys.12, 155–164. 
 
Biot, M. A. (1941b). Consolidation Settlement Under a Rectangular Load  
 
Distribution. J. Appl. Phys.12, 426-430. 
 
99 
 
 
Biot,M.A. (1956). “General Solution of the Equation of Elasticity and Consolidation  
 
for a Porous Material”. J.Appl. Mech..78, 91-96. 
 
Booker, J.R. and Small, J.C. (1977). Finite Element Analysis of Primary and  
Secondary Consolidation. International Journal Solids Structures. 13, 137- 
149. 
Booker, J.R. and Rowe, R.K. (1983). 1-D Consolidation of Periodically Layered  
Soil,Journal of Engineering Mechanics ASCE. 109 (6), 1319-1333. 
Brezzi, F. and Fortin, M. (1991). Mixed and Hybrid Finite Element Methods, New  
 
York: Springer-Verlag. 
 
Budhu, M. (2000). Soil Mechanics and Foundations, John Wiley and Sons. 
Carey, G. F. and Oden, J.T. (1983). Finite Elements IV: Mathematical Aspects.  
 
Englewood Cliffs, N. J.: Prentice Hall. 
 
Carter, J.P., Small, J.C. and Booker, J.R. (1977).  A Theory of Finite Elastic  
 
Consolidation. International Journal Solids Structures. 13, 467-478. 
 
Chang, C.S. and Duncan, J.M. (1983). Consolidation Analysis for Partly Saturated  
 
Clay by Using an Elastic-Plastic Effective Stress-Strain Model. International  
 
Journal for Numerical and Analytical Methods in Geomechanics. 7, 39-55. 
 
Cryer, C.W. (1983). A Comparison of the Three-Dimensional Consolidation  
Theories of Biot and Terzaghi. Journal Mechanics and Applied Math, XVI. 
Desai, C.S. and Johnson, L.D. (1972). Evaluation of Two Finite Element  
Formulations for One-Dimensional Consolidation. Computers and Structures.  
2, 469-486. 
Desai, C.S. and Christian, J.T. (1977). Numerical Methods in Geotechnical  
Engineering. 
Desai, C. S. and  Saxena, S. K. (1977). Consolidation Analysis of Layered  
 
Anisotropic Foundations. Int. J. Numer. Analyt. Methods Geomech. 1. 1, 5– 
 
23. 
100 
 
 
Duncan, J.M. and Schaefer, V.R. (1988). Finite Element Consolidation Analysis of  
Embankment. Computers and Geotechnics. 6, 77-93. 
Ferreira, A.J.M. (2008). MATLAB Codes for Finite Element Analysis. Portugal:  
             Springer. 
Gallagher, R.H., Carey, G., Oden, J.T. and Zienkiewicz, O.C. (1985). Finite  
 
Elements in Fluids, John Wiley and Sons. 
 
Gofar, N. and Kassim, K.N. (2007). Introduction to Geotechnical Engineering  
Part 1. (Revised Edition). Singapore: Pearson Prentice Hall. 
Gray, H. (1945). Simultaneous Consolidation of Contiguous Layers of Unlike  
 
Compressive Soils. ASCE Trans.. 110, 1327–1356. 
 
Gray, D.G. (1980). Finite Element Technique for Two-Dimensional Consolidation.   
             Proc.Instn Civ.Engrs, Part 2. 69, 535-542. 
 
Hassanen, M. and El-Namalawi, A. (2007). Two-dimensional Development of the   
            Dynamic Coupled Consolidation Sealed Boundary Finite-Element Method  
for  Fully Saturated Soils. Soil Dynamics and Earthquake Engineering. 27,  
153-165. 
Hawlader, B.C., Munthanan, B., and Imai, G. (2003).  Viscosity Effects on One-  
           Dimensional Consolidation of Clay. International Journal of Geomechanics  
           ASCE. 
Hazzard, J. & Yacoub, T. (2008). Consolidation in Multi-Layered Soils: A Hybrid  
           Computation Scheme, GeoEdmonton ’08. 
Helwany, S. (2007).  Applied Soil Mechanics with ABAQUS Application. New  
Jersey: John Wiley & Son. 
Himawan Supangkat (1994). On Finite Element Analysis of Nonlinear  
Consolidation. Master of Science, Massachusetts Institute of Technology. 
Huang, J. and Griffiths, D. V. (2008) One-Dimensional Consolidation Theories for  
            Layered Soil and Coupled and Uncoupled Solutions by the Finite Element  
            Method. Geotechnique. 
101 
 
 
Hwang, C.T., Morgenstern, N.R. and Murray, D.W. (1971). “On Solution of  Plane  
 
Strain Consolidation Problems by Finite Elements Method”. Can. Geotech.  
 
J.. 8, 109-118. 
 
Iankov, R. et al., (2004). Numerical Modelling of Consolidation of Uncertainty in  
Soil Properties. Journal of Theoretical and Applied Mechanics. 34(3), 43-54. 
Kim, H. and Mission, J. (2011). Numerical Analysis of One-Dimensional  
Consolidation in Layered Clay Using Interface Boundary Relations in Terms  
of Infinitesimal Strain. Int. J. Geomech.. 11(1), 72–77. 
Lambe, T.W. and Whitman, R.V. (2000). Soil Mechanics. New York: John Wiley &  
Sons. 
Lee, K. (1981). Consolidation with Constant Rate of Deformation. Geotechnique.  
31(2), 215- 229. 
Lee, P. K. K., Xie, K. H. & Cheung, Y. K. (1992). A Study on Onedimensional  
 
Consolidation of Layered Systems. Int. J. Numer. Analyt. Methods Geomech.  
 
16 (11), 815–831.  
 
Lewis, R.W., Roberts, G.K., Zienkiewicz O.C. (1976). Nonlinear Flow And  
 
Deformation Analysis Of Consolidated Problems. Proc. 2nd Int. Conf. on  
 
Numerical Methods in Geomechanics. 1106-1118. 
 
Lewis, R. W. and Schrefler, B. A., (1987). The Finite Element Method in the  
 
Deformation and Consolidation of Porous Media), John Wiley and Sons. 
 
Liu, J.C., Zhao, W.B., and Zai, J.M. (2006). Research on Seepage Force Influence on  
           One-Dimensional Consolidation. Unsaturated soil, Seepage, and  
Environmental Geotechnics. 203-209. 
Mandel, J. (1953). Consolidation des sols (étude mathématique). Géotechnique. 3:  
 
287–299. 
 
Menendez, C., et al. (2008). Mathematical Modelling and Study of the Consolidation  
102 
 
of an Elastic Saturated Soil with an Incompressible Fluid by FEM.  
Mathematical and Computer Modelling. 49, 2002-2018. 
Murad, M.A. and Loula, A.F.D. (1992). Improved Accuracy in Finite Element  
 
Analysis of Biot's Consolidation Problem. Comput. Methods Appl. Mech.  
 
Eng. 95, 359-382. 
 
Murad, M.A. and Loula, A.F.D. (1994). On Stability and Convergence of Finite  
 
Element Approximations of Biot's Consolidation Problem. Int. J. Numerical  
 
Meth. Eng. 37, 645-667. 
 
Nogucina, C.D.L., Azevedo, R.F.D., and Zomberg, J.G. (2009). Coupled Analyses of  
          Excarations in Saturated Soil. International Journal of Geomechanics. 9 (2). 
 
Oka, F., Adachi, T., and Okano, Y. (1986). Two-Dimensional Consolidation  
 
Analysis Using an Elasto-Viscoplastic Constitutive Equation. International  
 
Journal for Numerical and Analytical Methods in Geomechanics. 10, 1-16. 
 
Oliaei, M.N. & Pak, A. (2009). Element Free Galerkin Mesh-Less Method for Fully         
          Coupled Analysis of a Consolidation Process. Scientia Iranica. Transaction A:  
          Civil Engineering. 16 (1), 65-77. 
 
Osman, A.S. (2010). Comparison between Coupled and Uncoupled Consolidation  
          Analysis of a Rigid Sphere in a Porous Elastic Infinite Space. Journal of   
          Engineering Mechanics. 1059-1064. 
Ouria, A. Toufigh, M.M., and Nakhai, A. (2007). An Investigation on the Effect of  
the Coupled and Uncoupled Formulation on Transient Seepage by the Finite  
Element Method.  American Journal of Applied Sciences 4 (12), 950-956. 
Ouria, A.,Fahmi, A., and Toufigh, M.M. (2011). Nonlinear Analysis of Transient  
           Seepage by the Coupled Finite Element Method. International Journal of   
           Mechanics. 5 (1). 
Phoon, K.K., (2001). Iterative Solution of Large-Scale Consolidation and  
 
Constrained Finite Element Equations for 3D Problems. International e- 
 
103 
 
Conference on Modern Trends in Foundation Engineering: Geotechnical  
 
Challenges and Solutions. Jan 26-30, 2004. IIT Madras, India. 
 
Phoon, K.K., Toh, K.C., Chan, S.H. and Lee, F.H. (2002). An Effcient Diagonal  
 
Preconditioner for Finite Element Solution of Biot’s Consolidation Equations.  
 
Int. J. Numer. Meth. Engng.. 55, 377–400. 
 
Pott, D.M. and Zdravkovic, L. (1999). Finite Element Analysis in Geotechnical  
Engineering: Theory. Place: Thomas Telford Publishing.  
Potts, D., Axelsson, K., Grande, L., Schweiger, H., and Long, M. (2002). Guidelines  
for the use of advanced numerical analysis. Thomas Telford.  
Powrie, W. (2004). Soil Mechanics Concepts & Applications. (Second Edition).  
Oxon: Spon Press. 
Rao, S.S. (2005).  The Finite Element Method in Engineering. (Fourth Edition).  
United State of America: Elsevier. 
Rendulic, L. (1936). Relation Between Void Ratio and Effective Principle Stresses  
 
for a Remouldesilty Clay. Proc. 1
st
 International Conference on Soil  
 
Mechanics. 3, 48-51. 
 
Sandhu, R.S. and Wilson E.L. (1969). Finite Element Analysis of Seepage in Elastic  
 
Media, Journal of Engineering Mechanics, ASCE. 95(3), 641-652. 
 
Schiffman, R.L. and Stein, J.R. (1970). One-Dimensional Consolidation of Layered  
             Systems. Journal of The Soil Mechanics and Foundations Division,  
Proceedings of The American Society of Civil Engineers. 96. 
Scott, R.F. (1951). Numerical Analysis of Consolidation Problems. Master of  
Science. Massachusetts Institute of Technology. 
 
Scott, R.F. (1963). Principles of Soil Mechanics. Addison-Wesley. 
Sills, G. C. (1975). Some Conditions under which Biot’s Equation of Consolidation  
 
Reduced to Terzaghi’s Equation. Geotechnique. 25 (1), 129–132. 
 
104 
 
Simon, B., Zienkiewicz, O.C., Paul, D. (1984). An Analytical Solution For The  
 
Transient Response Of Saturated Porous Elastic Solids. Int. J. Numerical  
 
Anal. Methods Geomechanics. 8, 381-398. 
 
Sloan, S.W. and Abbo, A.J. (1999). Biot Consolidation Analysis with Automatic  
Time Stepping and Error Control Part 1: Theory and Implementation.  
International Journal for Numerical and Analytical Methods in  
Geomechanics. 23, 467-492.  
Smith, I.M. and Griffiths, D.V. (2004). Programming The Finite Element Method.  
(4
th
 Edition). John Wiley & Sons. 
Soga, K. and Mitchell, J.K. (2005).  Fundamentals of Soil Behavior. (Third Edition).  
           John Wiley & Sons. 
 
Taylor, D. (1948). Fundamentals of Soil Mechanics. New York: John Wiley & Sons. 
 
Tekinsoy, M.A. and Haktanir, T.C. (1990). One-Dimensional Consolidation of  
             Unsaturated Fine-Grained Soils. Journal of Geotechnical Engineering,  
ASCE. 116 (5). 
Telford, T. (2002). Guidelines for the Use of Advanced Numerical Analysis, Thomas  
            Telford. 
 
Terzaghi, K. (1943). Theoretical Soil Mechanics. New York: Wiley. 
 
Timoshenko, S.P., Goodier, J. N. (1951). Theory of Elasticity. (2
nd
 ed.). New York :  
McGraw-Hill. 
Thomas, H.R. and Harb, H.M. (1990). Analysis of Normal Consolidation of Viscous   
         Clay. Journal of Engineering Mechanics, ASCE. 16 (9). 
 
Valentine, D. and Harn, B. (2010). Essential MATLAB For Engineers and Scientists.  
            (Fourth Edition). Elsevier Ltd. 
Vermeer, P.A. and Verruijt, A. (1981). An Accuracy Condition for Consolidation by  
 
Finite Elements. Int. J. Numer. Anal. Meth. Geomech. 5, 1–14. 
 
Hassan, W.N.F.  and Mohamad, H. (2012). Evaluation of Finite Element  
105 
 
Formulation for One-Dimensional Consolidation. International Journal of 
Scientific & Engineering Research (IJSER), 3 (5).                                                                                        
Wood, D.M. (1990). Soil behavior and critical state soil mechanics, Cambridge  
 
University Press, London. 
 
Wood, D.M. (2004). Geotechnical Modelling, London: Spon Press. 
Xie, K.H., Xie, X.Y., and Gao, X. (1999). Theory of One-Dimensional Consolidation  
            of Two-Layered Soils with Partially Drained Boundaries.  
Comput. Geotech.. 24, 265–278. 
Xie, K.H., Xie, X.Y., and Jiang, W. (2002). A Study on  One-Dimensional Nonlinear  
 
Consolidation of Double-Layered Soil. Comput. Geotech.. 29, 151–168. 
 
Zhu, G. and Yin, J.H. (2005). Solution Charts for The Consolidation of Double Soil                  
           Layers. Canadian Geotechnical Journal. 42, 949-956. 
 
Zienkiewcz, O.C. and Bettes, P. (1982). Soils and other saturated media under  
 
transient, dyanmic conditions. General formulation and the validity of  
 
various simplifying assumptions, Soil Mechanics – Transient and Cyclic  
 
Loads, John Wiley & Sons,1-16. 
 
Zienkiewicz, O.C. and Shiomi, T. (1984). “Dynamic Behaviour of Saturated Porous  
 
Media; The Generalized Biot Formulation and Its Numerical Solution”. Int. J.  
 
Numer. Anal. Methods Geomech.. 8, 71-96. 
 
Zienkiewicz, O.C. and  Taylor, R.L. (2005). The Finite Element Method Set,  
 
 Butterworth-Heinemann, New York.  
 
Zienkiewcz, O.C., Chang, C., and Bettes, P. (1980). Drained Undrained  
 
Consolidating and Dynamic Behaviour Assumptions in Soils. Geotechnique.  
 
30(4), 385-395. 
 
Zienkiewicz, O.C., Huang, G.C., Lin, Y.C. (1990). Adaptive FEM Computation of  
Forming Processes - Application to Porous and Non-Porous Materials. Int. J.  
Num. Meth. Eng. 30, 1527-1553.  
